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Notes, Comments, and Letters to the Editor 

A Note on Efficient Growth with Irreversible Investment and 

the Phelps-Koopmans Theorem* 

1. INTR~DUC~~N 

An interesting problem in the theory of efficient allocation of resources 
over time is to formulate suitable criteria that can completely characterize 
the set of efficient programs. 

Restricting our attention to the standard aggregative model of economic 
growth, we find that, beginning with the partial characterization result of 
Phelps [12], this problem has inspired detailed investigation in several papers 
by McFadden [S], Cass [7], Benveniste and Gale [S], Benveniste [P], and 
Mitra [9]. An important assumption in all these papers is that, in any time 
period, the existing amount of the single (capital cum consumption) good, 
whether in the form of current output or depreciated capital stock, can be 
totally consumed. In other words, it is feasible to run down the capital stock 
at any rate we wish and to enjoy a corresponding increase in consumption. 

It is, however, clearly sensible to argue that investments, once made in 
physical form, cannot be converted readily into consumption. Hence, invest- 
ment should be “irreversible.” Of course, we should allow for the possibility 
that capital can, within limits, be run down to permit more consumption; 
namely, capital depreciates and failure to replace it constitutes a method of 
increasing consumption at the expense of capital. A reasonable assumption, 
then, taking account of the above arguments, is that gross investment (i.e., 
the net increase in capital plus the amount of depreciation) be nonnegative 
at each point of time. (Net investment can be negative to the extent of depre- 
ciation, but no more.) 

Such a restriction on investment has, of course, received some attention 
in the literature on normative growth theory. The implication of this restric- 
tion for programs, optimal with regard to final stocks in a finite-horizon 
planning framework, has been studied by Solow [13], and programs, optimal 
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with regard to a Ramsey-type utility functional in an infinite-horizon frame- 
work by Cass [6], Arrow [l], and Arrow and Km-z [2, 31. However, in the 
literature on efficient growth, this restriction on investment has been virtually 
ignored. The present study incorporates the assumption of irreversibility of 
investment in the standard aggregative model and investigates its impli- 
cations on the nature of efficient programs. 

First, an example is constructed to show that even if a program always 
has a capital stock above, and bounded away from, the golden-rule stock, 
it can &II be efficient (see Sect. 3). This means that the well-known Whelps- 
Koopmans result1 no longer holds. 

Second, a set of necessary and sufficient conditions for the inefficiency of 
a feasible program is presented in Section 4. It is shown that a feasible 
program, satisfying a “smoothness condition,” is ine$cient -3 and o&y if 
(a) the value of investment is bounded away from zero, from a certain time 
onward, and (b) the ratio of the share of primary factor to the value of capital 
deteriorates too fast. For a precise statement of the result, see Theorem 4.1; 
for precise definitions of the terms used, see Section 2. 

2. THE MODEL 

Consider a one-good economy, with a technology given by a function g: 
from Rf to itself. The production possibilities consist of capital input X, 
and current output y = g(x), for x 3 0. 

The following assumptions on g are used: 

(A.11 g(0) = 0. 

(A.2) g is strictly increasing for x > 0. 

(h.3) g is concave for x 3 0. 

(A.4) g is diierentiable for x > 0. 

The initial capital input, x, is considered to be historically given and 
positive. Capital stock is considered to depreciate at a constant rate, cI, 
where 0 -C d < 1, whether it is used for production or not. 

1 This resuit was conjectured by Phelps Ill], and its proof, based on a proof provided 
by Koopmans, appeared in Phelps [12]. It is, therefore, known in the literature as the 
Phelps-Koopmans theorem. It states that if the capital stock of a program is above, and 
bounded away from, the golden-rule stock, from a certain time onward, then the program 
is inefficient. No nonnegativity restriction on investment is imposed in the model in which 
this result is obtained. For a precise statement, see either Phelps [Z2] or Cass [7]. 
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A feasible program is a sequence (x, y, z, c) = (xt , yt+r , z~+~ , ct+r) 
satisfying 

x0 = x, Yt+1 = d4 for t > 0, 

Zt = Xt - (1 - d) xt-1 ) ct = Yt - zt for t>l, WI 

xt , .Y, , zt 9 ct b 0 for t>l. 

(z is to be interpreted as gross investment; c as consumption.2) A feasible 
program (x’, y’, 2, c’) dominates a feasible program (x, y, z, c) if cl > et 
for all t > 1, and cl > et for some t. A feasible program (x, y, z, c) is 
inejkient if there is a feasible program (x’, y’, z’, c’) which dominates it. 
A feasible program is efJicient if it is not inefficient. 

Define a total output function f by 

for x > 0 (2.2) 

The share of primary factor in total output is defined by 

W$ = 1 - W(x) W~)l for x>O; W(x) = 0 for x = 0. 
(2.3) 

The competitive price sequence p = ( pt) associated with a feasible program 
(x, y, z, c) is given by 

po= 1, Pt+1 = Pt/mt) for t > 0 (2.4) 

These are precisely the prices which yield maximum intertemporal projits 
for each t; that is, 

Pt+Lf (Xt> - PtXt 2 Pt+Lf (4 - PtK x 3 0, t > 0. (2.5) 

The value of capital sequence v = (vJ associated with a feasible program 
(x, y, z, c) is given by 

vt = P&t for t > 0. (2.6) 

2 It should be noted that the present framework includes the neoclassical growth model 
as a special case, by a suitable interpretation of variables. Let G(X, L) be a constant returns 
to scale production function defined on Capital (X) and Labor (L). Labor is assumed 
to &row exogenously at a rate rz > 0, i.e., Lt = L,(l + ~2)” for t > 0; L, > 0. Capital 
depreciates at a constant rate d, where 0 < d Q 1. The basic neoclassical growth equation 
is Yt+, = GCG , L) = Gl + Xt.+, - (1 - &Xt. Dividing through by Lt+%, and denot- 
ing [Ys+~IL+II by Y~+I , LWGI by xt I [CtlII~t+J by ct.+1 , a& tZt+JL+J by .+ for t > 0, 
we have Y*+~ = [G(xt > l)/(l + 41 = ++I + zt+~ = ct.+1 f &.I - [(I - &)i(l -t 41x3. 
Then letting g(x) = G(x, l)/(l + n), and d = (n + d>/(l + n), we obtain the framework 
described in Section 2. 
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The corresponding rtalue of investment sequence u = (u*) is given by 

ut = Pt-‘t for t > 1 (2.7) 

A nonnegative sequence (k,) is said to be bounded away from zero if 
inf,-,, kt > 5; it is said to be bounded away from zero j?om a certain time 
onward if lim inf,,, kt > 0; it is said to deteriorate too fist if C,“=, k, < so. 

3. Drsa~ss~ON OF INEFFICIENCY AND THE PNELP~-Ko~PTV~ANS SIJLT 

A convenient starting point of a discussion of inefficiency in this framework, 
is the following result. 

PR~PoS~T~~N 3.1. Under (A.])-(A.4), if a fiasible program (x, y, z, c) is 
ineficient, 

lirn~nfptzt > 0. cw 

Prof$ If (x, y, z, c) is inefficient, there is a feasible program (x’, y’, z’, 6’) 
which dominates it. Hence, we have 

5 < e;g - Gil = (Yi,l - Yt+3 - (ZLl - zt+d for t > 5. (3.2) 

BY W), ct+l = ~t+l - zt+l = g(xt> - &+I - (1 - 4 xi: = ,fb-t> - xt+~ > 
and cE,~ = f(4) - xi+1 , for t 2 0. Hence, we obtain 

4+1 - et+1 = Cf(x3 - fcdl - bL1 - Xt+d for d 2 5. (3.3) 

From (3.2) and (3.3), we have 

(%I - xi+3 >, f(4 - f(4) for t>,O (3.4) 

Let tt be the first period when cl, > et, . Then, by (3.3), xt = x; for 
tGtl-l, and xE,>xt,, and by (3.4), xt > ,x; for t 3 t, . efine 
el=(xt-x~)fort>O.Then,e,=Oforr,<t,-l,ande, >5fort>bl. 
Also, by (A.P), (A.4), and (3.4), (xt+l - x;*J 2 J’(xt)(xt - x’tf fox t >, 0, 
so that by (2.4), p t+let+l 2 ptet for t 2 0; that is, ptet > pt,etl > 5, for 
2 > t, . BY (W we have (ztfl - ~1,3 2 (Y,,, - A+3 = g(x,) - g(x;), 
for t > 0. By (A.3), (A.4), (zt+l - zi+J >, g’(x&t - xi) for t 3 0. By 
(2.4) Pt+l(Zt+l - ~1,~ ) > [ g’(xt>/f’(xt)]pt(xt -xl) for t > 5. Hence, for 
t >, t13 
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Now, we claim that [ g’(x&‘f’&)] is bounded away from zero. Suppose, 
on the contrary, that [ g’(x&“‘(xJ] + 0, along a subsequence of t. Then, 
since [ g’(xt)/f’(xt)] = [I/{1 + [(l - d)/g’(x3]}], so g’(x,) must tend to 
zero for this subsequence. This means that xt -+ co for this subsequence of t. 
However, for this subsequence, f’(xt) = g’(xJ + (1 - d) -+ (1 - d) < 1, 
so there exists 0 < E < co, such thatf(Z) = 2; x <f(x) < Z for 0 < x < X; 
2 < f(x) < x for Z < x. Hence, xt must remain bounded. This contradiction 
establishes the claim. Hence, by (3.5), there is !z > 0, such that 
P~+~(z~+~ - zi+d b h for t > t , 1 , which implies (3.1) immediately. l 

In particular, Proposition 3.1 implies that if, along a feasible program, 
investment is zero for a subsequence of periods, then it must be efficient, 
no matter how the capital stock behaves over time. Keeping this fact in mind, 
it is simple to construct an example, which shows that even if the capital 
stock of a program, at each point of time, is above, and bounded away 
from, the golden-rule stock, the program can be efficient. Thus, the Phelps- 
Koopmans result does not hold in this model. 

EXAMPLE 3.1. Let g(x) = x1/*; d = $. Then, f(x) = g(x) + (I - d) x = 
$14 + ix. Then, there are uniquely determined numbers, x* and R, such 
that 0 < x* < 9 < 00, andf’(x*) = l,f(@ = 4. The number x* represents 
the golden-rule stock; .G is the maximum sustainable stock. Clearly, 
x* = ($)4/3 and $ = (2)4/3. 

Consider the sequence (x, y, z, c) given by: x0 = x = 2(f)“/“; zt = 0, 
xt = ($)4/3, yt = 21/4(‘)1/3, ct = 21/4($)1/3 for t odd; zt = ($)1/3, xt = 2(+)4/3, 

JJt = (g/3, et = 0 f or t even. It is simple to check that (x, y, z, c) satisfies 
,(2. l), and is, therefore, a feasible program. Since .zt = 0 for t odd, the program 
is efficient, by Proposition 3.1. Also, xt 2 ($4/3 > x* for t 3 0, so that the 
capital stock of the program is above, and bounded away from, the golden- 
rule stock, for all time. 

4. CHARACTERISATION OF INEFFICIENCY 

In view of Example 3. I, it should be clear that there is a significant difference 
in the nature of inefficiency in this model, compared to traditional ones, 
where no nonnegativity restriction on investment is assumed. Thus, we can 
expect that the necessary and sufficient conditions for inefficiency would 
be different from traditional ones too, in that they would involve a condition- 
on the behavior of investment. This section is devoted to finding such a set 
of conditions. 

To this end, we consider, following Mitra [9], the following “smoothness 
condition” on a feasible program (x, y, z, c): 
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ConditionS. ForsomeO<~<M<coandO<r<l, 

mew(x~),/x, < {[f(xt) - f(xt - e)]/wxj)l - 1 d M@qxt)/xt > 

for 0 < B < Pxt, t 3 5. 

Regarding tbe plausibility of Condition S, the following remarks are pertinent: 
(i) Condition S is satisfied by feasible programs, generated by the class of 
fmctions g(x) = Axg +,Bx, where A, B > 0, and 5 < q < i. (ii) If f is 
twice continuously differentiable, strictly concave (with f” < 0), and satisfies 
the end point conditions: 0 < f’(co) < 1 <j’(x) < 03, for some x > 5, then 
any feasible program whose capital input stocks are bounded away from 
zero, satisfies Condition X3 (iii) If f is twice differentiable, and there are 
positive numbers, N, N’, Q, (2’ such that N < [f’(x) x/f(x)] < IV’, 
Q .< [-j”(x) .?/,E(x)] ,< Q’ for x 3 0, then any feasible program satisfnes 
Condition S.” 

THEOREM 4.1 I Under (A.l)-(A.4), a feasible ~~0g~~~~ (x, y, z, c) satisfying 
Condition S, is iraeficient if and only if 

lim+infp,z, > 5 (4.1) 

Proof (necessity). If (x, y, 2, c) is inefficient, then (4.1) is satisfied by 
Proposition 3.1. To establish (4.2), follow the methiod used to prove the 
necessity part of Theorem 1 in [9].6 

(Su@iency). Suppose (x, y, z, c) satisfies Condition S, and (4.1), (4.2). 
Th.en, there is t, >, 1, and h > 0, such that pta, 3 h for t >, t, . also, there 
is D c 00, such that cf, [W(x,)/p,x,] = D. Now, define a sequence (a3 
in the following way. Let a, = 0 for 0 < t < t1 ; a,, 1 = min(&/p,DM, L 
.~+/4p,~), and, for t Z tZ , 

Then, 
0 < aj < rzt < rxt for t 3 tl cw 

s These are the assumptions used by Cass [7]. 
*These are the assumptions used by Benveniste and Gale IS]. Remarks (i), (ii), and 

(iii) are verified in detail in Mitra [9]. 
5 The steps are spelt out, in detail, in Mitra IlO, Theorem 41;. 



222 TAPAN MITRA 

Now, following the method used to prove the sufficiency part of Theorem I 
in [9],” we get, for t > 0, a,,, , > f(xJ - f(xt - a,). Now, detine a sequence 
(b,) as follows: b, = 0 for 0 < t -C t, , btl = at,, and for t 3 tr , b,,, = 
f(xJ -f(xt - b3. Then, clearly, 0 < b, < at -=c rzt < rxt < xt for t > I, . 
Now, we construct a sequence (x’, y’, z’, c’) as follows: xh = x, xi = xt - b, , 

z~=x~-(I-a?)~;, for t>l; &=g(xl-,), ci=&-zi for t>l. 
To check feasibility, note that xi > 0, and so JJ~ > 0 for t 3 1. Also, 
2; = x; - (1 - d) xi, = (xt - b,) - (1 - d)(x,-, - b& = zt + 

(l-d)bt-I-bt>zt-bt>O, for t>l. Finally, c~=J$-z~= 
g(x;-1) - [xl - (1 - d) &I = f(x;-,) - x; = f&-l - bt-,) - (xt - 4 > 
f(x& - xt = ct for t 3 1. Also, clearly, et’, > et, , so that (x’, y’, z’, c’) 
dominates (x, y, z, c), proving that (x, y, z, c) is inefficient. g 

Remark. The condition (4.1) clearly implies that 

$ptxt > 0. 
,- 

(4.5) 

In Mitra [9], inefficiency in a model with no nonnegativity restriction on 
investment was characterized in terms of (4.5) and (4.2). It is clear, therefore, 
that the added restriction on investment in the present model is reflected 
in the stronger condition (4.1) which needs to be satisfied for a program to 
be inefficient.’ 
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